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Many-body levels of optically excited and multiply charged InAs nanocrystals modeled
by semiempirical tight binding
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Many-body levels of optically excited and multiply charged InAs nanocrystals are studied with the semi-
empirical tight-binding model. Single-particle levels of unstrained spherical InAs nanocrystals are described by
the sp3d5s* nearest-neighbor tight-binding model including spin-orbit coupling. For optically excited InAs
nanocrystals, first-order corrections of electron-hole Coulomb and exchange interaction to exciton levels and
the oscillator strengths of the exciton levels determine several low-lying, bright-exciton levels. The origin of
the large oscillator strengths of the bright exciton levels is explained by the analysis of dominant angular
momenta of exciton envelope functions. Good agreement with photoluminescence excitation experiments is
achieved for the size dependence of the three lowest bright-exciton energies of InAs nanocrystals with radius
larger than 20 Å. For multiply charged InAs nanocrystals, polarization of the nanocrystal environment is
approximated by modeling the environment with a uniform dielectric medium. This polarization model incor-
porated into the tight-binding model provides a reasonable description of electron and hole addition energies in
scanning tunneling spectroscopy experiments.
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I. INTRODUCTION

Recent advances in semiconductor quantum dot fabr
tions have opened up a rich opportunity to study ze
dimensional quantum systems of various sizes, shapes,
materials.1–4 Quantum confinement and enhanced ma
body interactions in the quantum dots lead to optical a
transport properties that are dramatically different from th
of higher dimensional and bigger systems.3–6 To utilize the
unique properties, many applications such as low-thresh
lasers, single-electron devices, memories, detectors, s
photon emitters, and quantum information devices have b
proposed and are being developed.7–12 Hence the accurate
modeling of the quantum confinement and many-body in
actions is not only of fundamental interest, but is also imp
tant to help tailor quantum dots for a specific application

Various theoretical approaches are used to study the q
tum dots, ranging from first-principle calculations to empi
cal models.13–23Due to the generally high computational d
mand of the first-principle calculations, empirical models a
widely employed to study quantum dots containing mo
than a few hundreds of atoms. The three empirical mod
primarily used are the multiband effective-mass approxim
tion,16 the pseudopotential model,18,19 and the tight-binding
model.20–23The effective-mass approximation treats a qu
tum dot as a confined bulk and continuum system, while
pseudopotential and tight-binding models treat as an
tended molecular system with the atomistic description
ionic potentials. The distinction between the two atomis
models lies in the degree of atomic detail included in
0163-1829/2002/66~23!/235307~12!/$20.00 66 2353
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model. Within the tight-binding model, the atomistic detail
limited to a small basis set, while in the pseudopoten
model a detailed local variation of wave functions is d
scribed with a large basis set. Therefore the tight-bind
model is computationally less costly than the pseudopoten
model. The tight-binding model is a good candidate for t
study of relatively big, complicated systems where both
computational efficiency and atomistic description are
quired. An example of such a system is vertically stack
self-assembled quantum dots which contain not only millio
of atoms but also a thin barrier and sharp edges and poin24

Because of the computational efficiency of this atomis
model, we choose the tight-binding model to study quant
dots.

Modeling chemically synthesized nanocrystals is a go
starting point to test the applicability of the tight-bindin
model to quantum dots. The nanocrystals are unstrained
spherical.3 The nanocrystal sizes can be tuned by chang
chemical-synthesis conditions.25 The easy control of the
nanocrystal size enables the study of size-dependent pro
ties without involving such complexities as strains a
shapes. In this work, we examine the accuracy of the tig
binding model in describing the optical and transport pro
erties of nanocrystals with a wide range of sizes.

Recently, two complementary experiments have provid
a picture of the many-body levels of InAs nanocrystals.26,27

First, photoluminescence excitation~PLE! experiments ex-
amined exciton levels by optically creating electron-ho
pairs.26 Second, scanning tunneling microscope~STM! ex-
periments probed individual electron~hole! levels by con-
©2002 The American Physical Society07-1
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secutively charging the nanocrystal with one electron~hole!
at a time.27 The exciton creation and the electron~hole! ad-
dition experiments probe single-particle energies and ma
body interactions of the nanocrystals. The many-body in
action involved in the exciton creation is an electron-h
interaction, while that in the electron and hole addition is
extra-charge-carrier interaction within the polarization of t
nanocrystal and its environment. Furthermore, the exc
creation is an optically selective process. In spherical nan
rystals, the optical selection rules are determined by alm
exact conservation of angular momentum.

The many-body levels probed by the PLE and STM e
periments have been theoretically investigated with vari
empirical models. An extended effective-mass theory to
clude the coupling between conduction and valence ba
improved the description of the exciton levels of narrow-g
InAs nanocrystals.26 Pseudopotential studies clarified the d
ference between exciton gaps and quasiparticle gaps, w
can be measured by the PLE and STM experime
respectively.18,19The studies also demonstrated that the ex
ton gaps are much less sensitive to a dielectric mismatc
the nanocrystal surface than the quasiparticle gaps.19,28

Tight-binding studies of exciton gaps showed that the mo
with ansp3s* basis set underestimates exciton gaps by a
hundreds of meV,23 but the inclusion ofd orbitals and spin-
orbit coupling improves the gaps by raising the gaps by
much as 0.2 eV.21 However, exciton levels above the ga
and their oscillator strengths have not been investigate
the previous tight-binding studies.23,21

In this paper, we study the many-body levels of optica
excited and multiply charged InAs nanocrystals in the fram
work of the empirical tight-binding model. We employ th
sp3d5s* nearest-neighbor tight-binding model includin
spin-orbit coupling to describe single-particle levels. We
corporate electron-hole interactions and dipole transiti
into the tight-binding model to investigate the exciton lev
of the optically excited nanocrystals. Several low-lyin
bright-exciton levels are identified by their large oscillat
strengths. The analysis of the angular momentum of the
citon envelope functions reveals the origin of the large os
lator strengths. The electron and hole addition energies o
multiply charged nanocrystals are described with the sum
single-particle energies and charging energies. The pre
model includes three types of charging energies:~i! self-
polarization energies,~ii ! charge-carrier Coulomb energie
and ~iii ! electron-removal work functions. The remainder
the paper is structured as follows. Section II describes
models for absorption spectra and electron and hole add
energies. Section III presents results. Section IV provi
discussions about the results.

II. MODEL

One key element in modeling the many-body levels
optically excited and multiply charged nanocrystals is
single-particle levels. In this work, the single-particle leve
are calculated with thesp3d5s* nearest-neighbor tight
binding model including spin-orbit coupling. The nanocry
tal is modeled as an unstrained, spherical, and anion-a
23530
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centered zinc-blende crystallite. To mimic the surface pa
vation by ligands,27 the energies of dangling bonds at th
surface are shifted well above the band gap of bulk InAs.
use tight-binding parameters of Jancuet al.29 The parameters
give a good description of the effective masses of the low
conduction, heavy-, light-hole, and spin-split bands neaG
point and the band energies at the high-symmetry points.29 A
recent tight-binding study on GaAs/AlAs superlattices sho
that the parameters of Jancuet al. for GaAs and AlAs pro-
duce incorrect effective masses of the lowest conduc
band near theX point, yielding incorrect optoelectrical prop
erties of the superlattice.30 However, this problem, if exists in
the InAs parameters, should have very little impact on
low-lying single-particle energies of nanocrystals since
energies are mainly determined by the band structure n
the G point. The Appendix gives a brief description of th
construction of the single-particle Hamiltonian and the c
culation of the single-particle levels.

Single-particle levels above a Fermi energy somewh
within the band gap are electron levels, whereas levels be
the Fermi energy are related to hole levels.31 The electron
statesue& with energyEe and the hole statesuh& with energy
Eh are linear combinations of tight-binding basis orbita
u igs&:

ue&5(
igs

ce;igsu igs&, ~1!

uh&5(
igs

ch;igsu igs&, ~2!

where tight-binding indicesi, g, ands denote an atom site
orbital type, and spin, respectively. The coefficientsce;igs

andch;igs describe a variation of a single-particle state fro
one atomic site to another atomic site, while the basis orb
u igs& describes a local variation of the state near one ato
site. The global variation described by the coefficientcigs is
called an envelope function of theg-basis orbital.

Many-body interactions are incorporated into the tig
binding model as perturbations to the single-particle Ham
tonian. The many-body interactions are electron-hole C
lomb and exchange interactions in the optically excit
nanocrystals, and charge-carrier interactions and the po
ization of the environment in the multiply charged nanocry
tals. It is a reasonable approximation to treat the many-b
interactions as perturbations because their contribution
the many-body energies are typically one order of magnit
smaller than those of the single-particle energies. The m
eling of the many-body interactions requires a real-space
scription of the tight-binding basis orbitals. We use Sla
orbitals to describe the basis orbitals. In our previous wo
we show that this representation is reliable for the study
relatively large nanocrystals.23 The Slater orbitals for In and
As atoms are listed in Table I.

A. Exciton absorption spectra

To model the exciton levels of optically excited nanocry
tals, we first define exciton states and energies. Exciton st
7-2
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are defined as a product of the electron and hole states.
projection of the exciton stateueh& into electron~e! and hole
~h! spatial~r ! and spin~s! spaces is

^re,se;rh ,shueh&5ce~re,se!ch~rh ,sh!. ~3!

Exciton energies are defined as the sum of the electron
hole energies and the first-order corrections of the elect
hole CoulombJ and exchangeK interactions:

Eeh5Ee1Eh1^ehuJueh&1^ehuKueh&. ~4!

The Coulomb and exchange interactions are screened b
electric functione(ur2r 8u,R) which is a function of the
separationur2r 8u of two particles, and nanocrystal radiu
R.23 For short-range Coulomb and exchange interactions,
separation dependence of the dielectric function is appr
mated by the Thomas-Fermi model of Resta.32 For long-
range interactions, the radius dependence of the diele
function is determined by the Penn model generalized
quantum dots.33,34The first-order corrections of the Coulom
J and exchangeK interactions screened by the dielectr
function are

^ehuJueh&52e2(
ss8

E E d3r 8d3r

3
ce* ~r ,s!ce~r ,s!ch* ~r 8,s8!ch~r 8,s8!

e~ ur2r 8u,R!ur2r 8u
,

~5!

^ehuKueh&5e2(
ss8

E E d3r 8d3r

3
ce* ~r ,s!ch* ~r ,2s!ce~r 8,s8!ch~r 8,2s8!

e~ ur2r 8u,R!ur2r 8u
.

~6!

Details about the dielectric function and the calculation
the Coulomb and exchange interaction matrix elements
described in our previous paper.23

The oscillator strengths of exciton states are calculate
determine optically allowed states. The oscillator strength
the exciton stateueh& is defined as

TABLE I. Slater orbitals of In and As atoms. In Slater orbita
the radial part of the wave function is written asR(r )5r aexp
(2br), where the constanta andb are determined by the Slater rule
~Ref. 43!. The angular part of the Slater orbital is given by t
spherical harmonicsYlm .

Orbital In As

s 0.31 r 3e21.25rY00 1.61 r 2.7e21.7rY00

p 0.31 r 3e21.25rY1m 1.61 r 2.7e21.7rY1m

d 0.00022r 3e20.25rY2m 0.0007r 2.7e20.27rY2m

s* 0.00034r 3.2E20.31rY00 0.0018r 3e0.4rY00
23530
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S~Eeh!5
2me

\
Eehu^ehu r̂ u0&u2, ~7!

where me is the free-electron mass. The matrix eleme
^ehu r̂ u0& is the dipole moment between initial stateu0& with
no electron-hole pair and final stateueh& with an electron-
hole pair. The exciton absorption spectrum is given by

sabs~E!;(
eh

S~Eeh!d~E2Eeh!. ~8!

To mimic thermal broadening, exciton life times, nanocrys
size inhomogeneity, etc., the exciton absorption peaks
broadened with a Gaussian function:

sabs~E!;(
eh

S~Eeh!exp@2~E2Eeh!
2/s2#, ~9!

wheres is the linewidth of the Gaussian function. The lin
width is chosen to be 10 meV to be comparable to the bro
ening ~50 meV! of experimental photoluminescenc
spectra.26

The dipole moment is naturally divided into two parts
the tight-binding model. A single-particle state in the tigh
binding model is composed of two functions:~i! an envelope
function describing the global variation of the state, and~ii ! a
basis orbital describing the local variation of the state.
match the composition of the state, the dipole moment
eratorr̂ is decomposed into a discrete position vector ope
tor r̂ i of atom sitei and a relative position vector operato
d r̂ i5( r̂2 r̂ i).

20 With this decomposition, the dipole momen
matrix element becomes

^ehu r̂ u0&5 (
i i 8gg8s

ce;i 8g8s
* ch;ig2s* @r id i i 8dgg81^ i 8g8ud r̂ i u ig&#

' (
igg8s

ce;ig8s
* ch;ig2s* @r idgg81^ ig8ud r̂ i u ig&#. ~10!

The second part of the dipole moment is approximated
including only the matrix elements between the basis orbi
on the same atom site. This approximation is reasona
since our calculation shows that the dipole moment from
neglected matrix elements is at least one order of magnit
smaller than that from the retained matrix elements. The fi
part of the dipole moment is the dipole moment between
envelope functions of the same orbital, while the second p
is that between the envelope functions of different orbita
From here on, we call the former anintraorbital dipole mo-
ment and the latter aninterorbital dipole moment.

In both intra- and interorbital dipole moments, the to
angular momentum differenceDJ between electron and hol
states should be unity. However, the ruleDJ51 is satisfied
differently. The decomposition of the dipole moment ope
tor into r̂ i and d r̂ i leads to the decomposition of the tot
angular momentum operatorJW into two operators;JW5LW 1 jW

whereLW and jW are the global angular momentum operator
an envelope function and the local total angular moment
operator of a basis orbital, respectively. The operatorjW is
7-3
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further given bylW1sW, wherelW andsW are the angular momen
tum and spin operator of a basis orbital. With respect to
global L and localj angular momentum eigenvalues, the o
tical selection rules of the intra- and interorbital dipole m
ments are

DL51 and D j 50, for intraorbital, ~11!

DL50 and D j 51, for interorbital. ~12!

Local dipole momentŝ ig8ud r̂ i u ig& between basis orbital
are evaluated for the intraorbital dipole moment. Table
lists the pairs of basis orbitals that have nonzero local dip
moments due to the selection ruleD j 51. The dipole mo-
ments of those pairs are evaluated with a numerical inte
tion with the Simpson’s rule35 for the radial part and an exac
integration for the angular part. The calculated dipole m
ments are listed in Table II. An alternative way to determ
the dipole moments is to fit them to bulk absorpti
spectra.20

B. Electron and hole addition energies

Recently, the electron and hole addition energies of In
nanocrystals were probed by STM experiments, where
tunneling current between an STM metallic tip and an In
nanocrystal are measured as a function of the bias vol
applied between the tip and the nanocrystal.27 Electron and
hole addition energies manifest themselves in the cond
tance peaks of the tunneling spectra, because each pea
dicates that the Fermi energy of the tip is resonant with
addition energy. Figure 1 presents a schematic descriptio
the conductance spectra and the STM experimental setu

The addition energies consist of~i! single-particle ener-
gies of a nanocrystal and~ii ! charging energies for single
electron transfer between a nanocrystal and a metal l
Within the capacitor model, a charging energy for adding
electron or a hole in a system ise2/Ceff where Ceff is an
effective capacitance of the system. The capacitanceCeff de-
pends on the geometry and dielectric constant of the sys
but does depend neither on the number of charges nor on
charge distributions in the system. The capacitor model
ficiently describes charging energies when the polarizatio
a system is a dominant source of the charging energy,

TABLE II. Nonzero local dipole moments between tigh
binding basis orbitals for In and As with a dipole operator inz
direction. The dipole moments are calculated by representing
orbitals in real space with Slater orbitals~Ref. 43!, and by using a
numerical integration with the Simpson’s rule~Ref. 35! for the ra-
dial parts and an exact integration for the angular parts.

Dipole moment In (Å) As (Å)

^sud ẑupz& 1.106 0.754

^s* ud ẑupz& 0.196 0.123

^pzud ẑud3z22r 2& 0.116 0.049

^pxud ẑudzx& 0.101 0.043

^pyud ẑudyz& 0.101 0.043
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Coulomb interactions between charge carriers are negligi
However, as system sizes become as small as those of na
rystals, strong quantum confinement enhances the Coul
interactions. Furthermore, both the polarization and C
lomb energies are sensitive to charge distributions in stron
confined systems. Due to the limits of the capacitor mod
we use a different model which includes charge-carrier C
lomb energies and describes charging energies in term
charge distributions.

The energy condition for an electron to tunnel from
metal lead to a nanocrystal charged with (n21) electrons is
met when the Fermi level of the metalmF

M is resonant with
an nth electron addition energymn

e of the nanocrystal:

mF
M5mn

e . ~13!

The nth electron addition energy is,19 i.e.,

mn
e5En

e1Sn
pol,e1 (

i 51

n21

Ji ,n
ee . ~14!

The first termEn
e is the energy of thenth electron level of the

nanocrystal. The last two terms account for charging ener
due to the polarization of the nanocrystal environment a
many-body interactions. The second termSn

pol,e denotes the
self-polarization energy of thenth electron, which is caused
by the interaction between one electron and polariz
charges at surfaces induced by the electron. Note that a
electric mismatch between the nanocrystal and its surrou
ing leads to nonzero net polarized charges at the surface.
third termJi ,n

ee represents a Coulomb energy due to the int
action between thenth electron and an electron in the nan
crystal. The Coulomb energyJi ,n

ee has two components: a
direct Coulomb energyJi ,n

dir and a polarized Coulomb energ
Ji ,n

pol . The direct Coulomb energy results from a Coulom
interaction between two electrons in the absence of the
electric mismatch at the surface. The polarized Coulomb
ergy is a correction to the Coulomb energyJi ,n

ee due to the
dielectric mismatch. The polarized Coulomb energy resu
from the interaction between one electron and the polari

e

FIG. 1. Schematic description of the differential conductan
of tunneling currents with respect to a bias voltage. Import
physical quantities in the spectrum are labeled according to
definitions made in the paper. The inset is a schematic drawing
double-barrier tunneling-junction configuration in STM tunnelin
measurements.
7-4
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charges at the surface induced by another electron. Note
the exchange interaction between thenth electron and the
other electrons in the nanocrystal is ignored in the pres
model since it is smaller than the experimental resolut
~about 10 meV!.27

An electron can tunnel from a nanocrystal charged w
(n21) holes to a metal lead when the Fermi energy of
metal lead matches the negative of annth hole addition en-
ergy mh:

mF
M52mn

h , ~15!

where thenth hole addition energy is

mn
h5En

h1Sn
pol,h1 (

i 51

n21

Ji ,n
hh1Wn . ~16!

Removing an electron from the nanocrystal charged w
(n21) holes can be seen as adding annth hole to the nano-
crystal. Thenth hole level energyEn

h is the negative of the
energy of the valence electron removed from the nanocry
Similar to the counterparts in the electron addition ener
the charging energiesSn

pol,h andJi ,n
hh account for a hole self-

polarization energy and a hole-hole Coulomb energy, resp
tively.

The last term in Eq.~16! represents a work required t
remove an electron from the nanocrystal and add it to
metal lead in the presence ofn holes in the nanocrystal. W
call the last term anelectron-removal work function. The
electron-removal work function does not exist in the elect
addition energies due to the screening effect of free elect
in the metal. When electrons tunnel from a metal lead t
nanocrystal and leave holes in the metal, the electric fi
generated by the holes is completely screened out by o
free electrons in the metal. In other words, the tunnel
electron does not see an attractive electric field generate
the holes in the metal. In contrast, when electrons tun
from a nanocrystal to a metal lead, holes left in a nanocry
are only partially screened by valence electrons in the na
crystal. More importantly, the electron-removal work fun
tion is different from conventional work functions, whic
arise from charging distortions at surfaces. Although the c
ventional work function affects tunneling rates, it does n
affect the energy condition of tunneling.

The absolute positions of the conductance peaks m
sured by STM experiments vary with respect to the Fe
energy of an unbiased STM tip, but spacings between
peaks remain the same. In the present model, the spac
are

Dn,n11
e [mn11

e 2mn
e5En11

e 2En
e1Sn11

pol,e2Sn
pol,e

1(
i 51

n

Ji ,n11
ee 2 (

i 51

n21

Ji ,n
ee , ~17!

Dn,n11
h [mn11

h 2mn
h5En11

h 2En
h1Sn11

pol,h2Sn
pol,h

1(
i 51

n

Ji ,n11
hh 2 (

i 51

n21

Ji ,n
ee1W1 . ~18!
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Wn is roughly n times larger thanW1, assuming that the
charge distribution of holes in the nanocrystal is alm
spherically symmetric. Therefore the electron-removal wo
function difference Wn112Wn is replaced with W1 in
Dn,n11

h .
The calculation of the charging energies requires a

scription of the electrostatic potential of a charged nanocr
tal and the polarized environment. The potential is sensi
to the geometry of the nanocrystal and the environme
However, since details of the geometry in the STM expe
ment are unavailable27 we approximate the nanocrystal env
ronment with an infinite uniform dielectric medium.19,36This
idealized model captures the effects of a dielectric misma
at the nanocrystal surfaces on the charging energies.19 Figure
2 presents a schematic diagram of the polarization o
charged nanocrystal and the environment within a reali
model and an idealized model.

When a nanocrystal is embedded in an infinite dielec
medium with dielectric constanteout, an electrostatic poten
tial generated by an elementary chargee at points inside the
nanocrystal with dielectric constante in and radiusR is

V~r;s!5Vdir~r ;s!1Vpol~r ;s!

5eF 1

e inur2su
1

e in2eout

e inR
(
,50

` S r

RD a,

3S s

RD , ~,11!P,~r•s/rs!

eout1,~e in1eout!
G , ~19!

wherea, is , for r smaller thanR, and2,21 for r larger
thanR.36 The function P,(x) is a ,th Legendre polynomial.
The first termVdir(r ;s) is a Coulomb potential of the sourc
charge when there is no dielectric mismatch at the surfa
while the second termVpol(r ;s) results from the polarization
of the dielectric medium outside the nanocrystal. In conn
tion with the STM experimental setup27 ~see the inset of Fig.

FIG. 2. Schematic diagram of the polarization of a charg
nanocrystal and the environment in a realistic and an ideali
model. In the realistic model, the polarization strongly depends
the geometry of the nanocrystal environment such as the shap
the STM tip and ligands, and distances between these compon
In the idealized model, the inhomogeneous nanocrystal envi
ment is replaced with a uniform dielectric medium characterized
an effective dielectric constanteout .
7-5
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1!, Vpol(r ;s) is attributed to the polarization of the ligand
and the image charges of the STM tip and the metal s
strate.

For the electrostatic potentialV(r ;s), it is required to de-
termine the dielectric constants of the nanocrystal and
environment. For Vdir(r ;s), we replace e in with e(ur
2r 8u,R) to include the size and particle-separation dep
dence of the dielectric function~see Sec. II A!. ForVpol(r ;s),
we replacee in with e(`,R) to treat the nanocrystal as
uniform dielectric medium. Note thate(ur2r 8u,R) saturates
to e(`,R) as ur2r 8u approaches to 2 Å. The dielectric con
stanteout is adjusted to fitD1,2

e to the corresponding exper
mental value.

The three types of charging energies are calculated w
charge densities given by the tight-binding wave funct
c(r ,s) and with the electrostatic potential given by Eq.~19!.
First, the self-polarization energy results only fromVpol(r ;s)
because the source charge does not interact with itself.
self-polarization energy of ani th tunneling electron or hole
is written as

S i
pol5

e

2 (
s

E d3rVpol~r ;r !uc i~r ,s!u2, ~20!

where c i(r ,s) is the wave function of thei th electron or
hole. Second, the Coulomb energy between a pair of e
trons or holes is given by

Ji , j5e(
ss8

E d3r 1d3r 2V~r1 ;r2!uc i~r1 ,s!u2uc j~r2 ,s8!u2.

~21!

The Coulomb energy has two components: the direct C
lomb energy attributed toVdir(r ;s) and the polarized Cou
lomb energy toVpol(r ;s). Finally, the electron-removal work
function is approximated as

W152e(
s

E d3r @V~rM ;r !2V~rN ;r !#uc1
h~r ,s!u2

'
e2

eout
F 1

R
2

1

R1dG , ~22!

whererM and rN are the position vector of the closest out
surface of the metal lead to the nanocrystal and that of
nanocrystal to the metal lead, respectively~see Fig. 2!. The
final equation is obtained by approximating the charge d
sity of a hole with that of a point chargee at the nanocrysta
center and by ignoring higher-order terms,.0 of Vpol(r ;s).
The symbold is the closest distance between the nanocry
and the metal lead as shown in Fig. 2.

III. RESULTS

A. Exciton absorption spectra

Figure 3 presents calculated exciton absorption spectr
InAs nanocrystals with various radii. As the radius increas
exciton energies decrease and their energy spacings be
smaller. However, the absorption rate of each exciton le
remains relatively unchanged. The lowest exciton level
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indicated by the arrows in Fig. 3 always shows a weak
cillator strength regardless of the nanocrystal radius. The
three bright-exciton levels labeled with B1, B2, and B3 a
identified by the first three pronounced peaks of the abso
tion spectra in Fig. 3. Table III lists the electron and ho
levels of D1, B1, B2, and B3 exciton levels.

To understand the origin of the oscillator strengths of lo
lying exciton levels, we analyze the angular momenta of
electron and hole envelope functions of the exciton leve
The envelope functionca; igs of a g-basis orbital with spins
is expanded in terms of spherical harmonicsYlm(u,f) to
determine dominant angular momenta:

TABLE III. Electron and hole levels of the lowest exciton lev
and the first three bright-exciton levels, and the dominant ang
momenta of the electron and hole envelope functions. The low
exciton level~D1! is indicated by the arrow in absorption spect
shown in Fig. 3, while the first three bright-exciton levels~B1, B2,
B3! are identified by the three pronounced absorption peaks.
nth lowest electron level and thenth lowest fourfold hole level are
labeled as en and hn , respectively.ce;s(ch;s) andce;p(ch;p) denote
the electron~hole! envelope function of thes andp orbitals, respec-
tively.

Level Composition ce;s ce;p ch;s ch;p

D1 e11h1 s-like p-like p-like p-like
B1 e11h2 s-like p-like p-like (s1p)-like
B2 e11h5 s-like p-like p-like (s1p)-like
B3 e21h1 p-like (s1p)-like p-like p-like

FIG. 3. Calculated exciton absorption spectra of InAs nanocr
tals with radius~a! 14 Å, ~b! 19 Å, and~c! 25 Å. The first three
bright-exciton levels are identified by the three pronounced pe
B1, B2, and B3. The arrows indicate the lowest exciton lev
which have weak oscillator strengths.
7-6
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ca; igs[ca;gs~Ri !5(
,m

a,mY,m~u,f!, ~23!

where the indexa denotes e and h for electron and ho
respectively. The vectorRi is a position vector of atom sitei.
The dominant angular momenta of the envelope function
several low-lying exciton levels~D1, B1, B2, B3! are listed
in Table III.

The compositions of electron and hole states in terms
orbital types determine which pair of electron and hole
velope functions contributes the most to the oscilla
strengths. Table IV shows that thes and p orbitals are the
dominant orbitals of electron and hole states, respectiv
Moreover, thep orbitals are the most common orbitals of th
electron and hole states. Therefore the principal part of
interorbital dipole moment is that between thes-orbital elec-
tron and thep-orbital hole envelope functions. Likewise, th
principal part of the intraorbital dipole moment is that b
tween thep-orbital electron and hole envelope function
These two principal dipole moments contribute the mos
the oscillator strengths.

The lowest exciton level is dim because the princip
parts of the intra- and interorbital dipole moments do n
satisfy the angular momentum selection rules given by E
~11! and ~12!. The small oscillator strength of the lowe
exciton level arises from~i! the intraorbital dipole momen
between thes-like s-orbital electron and thep-like s-orbital
hole envelope function, and~ii ! the interorbital dipole mo-
ment between thep-like p-orbital electron and thep-like
s-orbital hole envelope function. Typically, the oscillat
strength of the lowest exciton level is smaller by two ord
of magnitude than that of bright-exciton levels.

In bright exciton levels, their principal dipole momen
satisfy the optical selection rule, yielding large oscillat
strengths. For example, the B1 level is bright because~i! the
p-like p-orbital electron and thes-like p-orbital hole enve-
lope function yield a large intraorbital dipole moment, a
~ii ! the s-like s-orbital electron ands-like p-orbital hole lead
to a large interorbital dipole moment. Typically, the intrao
bital dipole moments are larger than the interorbital dip
moment by a factor of about 10 for nanocrystal radiiR

TABLE IV. Compositions of electron and holes states in ter
of orbital types. The calculated fraction of the electron and h
states in orbital typeg is the sum of the tight-binding coefficien
squaresucigsu2 over all atomic sitesi and spinss. The levels e1 and
e2 are the first~twofold! and the second~sixfold! lowest electron
levels of an InAs nanocrystal with radius 14 Å, respectively. Sim
larly, the levels h1 and h2 are the first~fourfold! and the second
~fourfold! lowest hole levels.

Level s orbital p orbital d orbital s* orbital

e1 0.563 0.177 0.023 0.238
e2 0.438 0.309 0.04 0.212
h1 0.005 0.821 0.173 0.001
h2 0.034 0.785 0.174 0.007
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515–35 Å considered in this work. Similar analyses can
plain the origin of large oscillator strengths of other brigh
exciton levels.

Due to the interplay between quantum confinement a
spin-orbit coupling, the order of hole levels changes a
nanocrystal size changes. In small nanocrystals where l
spacingDqc due to quantum confinement is larger than sp
orbit splitting energyDso , several two-fold hole levels ap
pear in between fourfold hole levels. However, in lar
nanocrystals whereDqc is smaller thanDso , fewer twofold
hole levels appear close to the band edges. In fact, for
biggest nanocrystal (R535 Å) the first four lowest hole lev-
els are each fourfold degenerate.

The exciton levels composed of the twofold hole leve
near band edges and the lowest electron level are dark. In
exciton levels, the electron and hole envelope functions h
the same total local angular momentum (j 5 1

2 ) and the same
global angular momentum (L50). Since the difference o
the total angular momenta between the electron and h
level is zero, the exciton levels are optically forbidden.
higher hole levels, twofold hole levels withL51 emerge and
they form bright-exciton levels with the lowest electro
level. These exciton levels correspond to small peaks
tween B2 and B3 in Fig. 3.

Figure 4 presents the nanocrystal size dependences o
three lowest bright-exciton energies identified in Fig. 3. T
exciton energies are compared with those of P
experiments.26 The calculated energies agree better with
experimental energies as the nanocrystal radius increa
For small nanocrystals, the calculated energies scale asR20.8

with respect to nanocrystal radiusR, while the experimental
data scale asR2n with n'10. The flat curvature of the

e

-

FIG. 4. Three lowest bright-exciton energies of InAs nanocr
tals versus nanocrystal radius. The three lowest bright-exciton
ergies in the present tight-binding~TB! model are determined by
the energies of the peaks B1, B2, and B3 defined in Fig. 3. Ca
lated exciton energies are compared with the energies of the
three strong photoluminescence peaks labeled as E1 , E3, and E5 in
Ref. 26, respectively. The calculated energies agree better with
experimental energies as the nanocrystal size increases.
7-7
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experimental energies is not explained by either the pre
tight-binding model or other empirical models.18,26

Since precise experimental size determinations are d
cult, it is more reliable to compare exciton energies relat
to the lowest bright-exciton energy. Figure 5 presents B2
B3 energies relative to B1 energies with respect to B1 en
gies. B3 energies agree well with corresponding experim
tal values, E5 in Ref. 26, in a wide range of B1 energies. B
energies agree less well with experimental values, E3 in Ref.
26, in particular for large B1 energies which correspond
small nanocrystals. The experimental data for B2–B1 en
gies show discrete jump around the B1 energy of 1.3
indicating a level crossing. This jump is not predicted by o
calculations. The calculated B2 energies agree better with
experiment as a B1 energy decreases, that is, a nanocr
size increases.

Figure 5 shows that the present model gives a better
scription of electron level spacings than hole level spacin
The energy difference between B1 and B2 is roughly
spacing between the second and fifth fourfold hole lev
while the difference between B1 and B3 is the spacing
tween the first and second electron levels. Since calcul
energies B3–B1 agree with experimental values better t
B2–B1, the electron level spacing is better described by
model than the hole. This can be explained by the differe
between the characters of InAs conduction and vale
bands. The lowest conduction band near theG point is al-
most isotropic and has no spin-orbit coupling. In contrast,
highest valence bands are complex due to the anisotr
effective masses of the heavy hole band, and the coupl
among the heavy-hole, light-hole, and spin-split bands.
though the coupling between the conduction and vale

FIG. 5. First three bright-exciton energies relative to the low
bright-exciton energy plotted with respect to the lowest brig
exciton energy. The first three exciton energies in the present ti
binding ~TB! model are identified by the peaks B1, B2, and B3
the absorption spectra shown in Fig. 3. The spacings of the ide
fied three exciton energies are compared with the energy spac
of the first three strong photoluminescence peaks labeled as E1 , E3,
and E5 in Ref. 26, respectively.
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bands mixes band contributions to single-particle levels,
main parts of the electron and hole levels are from the c
duction and valence bands, respectively. Hence the comp
ity of the valence-band structure makes it more difficult
obtain a good description for the hole levels than for t
electron levels.

B. Electron and hole addition energies

One important physical value in the tunneling spectra
the spacing between the first conductance peaks of a pos
and a negative bias-voltage side, which is labeled asEgap in
Fig. 1. This spacing is called a zero-current energy gap s
a tunneling current is suppressed within a voltage reg
between these two peaks. In the present model, the z
current energy gap is the sum of the first electron and h
addition energies:

Egap[m1
e1m1

h5E1
e1E1

h1S1
pol,e1S1

pol,h1W1 . ~24!

Therefore the zero-current energy gap differs from a sing
particle energy gap by the sum of the electron and hole s
polarization energies and the electron-removal work fu
tion.

The effective dielectric constanteout of the nanocrystal
environment and the closest distanced between the STM tip
and the nanocrystal are estimated to calculate charging e
gies. The dielectric constanteout is determined by fittingD1,2

e

to the corresponding experimental value of an InAs na
crystal with radiusR532 Å. The best fit ofD1,2

e is obtained
with eout54.5. Ford, we use the distance of the tip’s close
approach to the nanocrystal, which is the length~about 5 Å)
of ligands surrounding the nanocrystal, since the accu
geometry of the STM setup is not available.27 This approach
provides the lower limit of the electron-removal work fun
tion.

Figure 6 presents the size dependences of the char
energies for zero-current energy gaps and that of the g
with nanocrystal radii ranging from 15 to 35 Å. Single
particle gaps contributing to the zero-current gaps ra
from 1.9 to 0.9 eV as the nanocrystal size increases, w
total charging energies vary from 220 to 90 meV. Within t
total charging energy, the electron and hole self-polarizat
energies are 80–40 meV each, and the work functions
60–10 meV. The calculated zero-current gaps are comp
with STM experimental gaps.27,37As shown in Fig. 6~b!, the
calculated gaps agree well with the experiment for a f
experimental range of InAs nanocrystal radii.

The electron and hole addition energies beyond the z
current energy gap contain charge-carrier Coulomb ener
and excited single-particle energies. The lowest elect
level of spherical InAs nanocrystals is twofold, while th
lowest hole level is fourfold. As a result, the first two tu
neling electrons are assigned to the lowest electron le
Similarly, the first four tunneling holes are assigned to t
lowest hole level. Therefore the spacing between the first
electron addition energies and those between the first
hole addition energies are determined solely by the charg
energies. In contrast, the third electron and the fifth h
addition energies contain the energies of the second low

t
-
t-

ti-
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electron and hole levels in addition to charging energies,
spectively. The third tunneling electron is assigned to
second lowest electron level since the lowest electron lev
fully occupied by the first two tunneling electrons. Likewis
the fifth hole is assigned to the second lowest hole le
Consequently, the spacing between the second and third
tron addition energies and that of the fourth and fifth h
addition energies are the sum of the level spacing and
charging energies. The spacings between these low-l
electron and hole addition energies are listed in Table V.

Calculated addition energy spacings of InAs nanocrys
with various radii are compared with those of ST
experiments27 in Fig. 7. The spacingD1,2

e is in good agree-
ment with the experiment. Note that onlyD1,2

e with nanocrys-
tal radius 32 Å is fitted to experiments to determineeout. The
difference between calculatedD2,3

e and the experiment is les
than 50 meV (10% error!. The relatively good agreement fo
D2,3

e shows that the second lowest electron level is well
scribed by the sp3d5s* nearest-neighbor tight-bindin
model.

FIG. 6. ~a! Calculated charging energies for zero-current ene
gaps versus InAs nanocrystal radiusR. ~b! Zero-current energy gap
versusR. The size dependence of each component of the char
energy—electron and hole self-polarization energies and elect
removal work functions—is plotted. The zero-current gaps cal
lated with the present tight-binding~TB! model are plotted with
respect to nanocrystal radius in comparison with those of pse
potential ~PP! calculations~Ref. 19! and STM experiments~Ref.
27!. The present TB gaps are in good agreement with the exp
ment for a full range of nanocrystal radii (R510–40 Å).
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The spacingD1,2
h is overestimated by 25 meV in th

present model as shown in Fig. 7. The electron-remo
work function may be the main cause of the small discr
ancy inD1,2

h . The work function is modeled with a simplifie
description of the nanocrystal environment, which is illu
trated in Fig. 2. Unlike other types of charging energies,
work function requires a good description of the electrosta
potential in a region between the nanocrystal and the S
tip as shown in Eq.~22!. To improve the work function, an
electrostatic potential of the inhomogeneous nanocrystal
vironment shown in Fig. 2 should be calculated.

Figure 7~b! shows that the present model underestima
the spacingD4,5

h by about 100 meV. The charging energy
D4,5

h is the same asD1,2
h , and the charging energy agrees wi

the experiment within an error of only a few tens of me
Therefore the big discrepancy inD4,5

h is attributed to the
underestimation of the spacing between the two lowest h
levels.

IV. DISCUSSION

This work demonstrated the success of the tight-bind
model for describing the many-body levels of optically e
cited and multiply charged nanocrystals. Specifically, cal
lated three lowest bright-exciton energies of InAs nanocr
tals with radius larger than 20 Å show good agreement w
PLE experiments within a 5% error. Calculated several lo
lying electron and hole addition energies of InAs nanocr
tals agree with STM experiments within a 10% error. The
agreements show that the present model successfully
scribes both single-particle energies and many-body inte
tion energies. In particular, the good agreement for the e
ton and addition energies involving excited single-parti
energies shows that the tight-binding model accurately p
dicts not only the lowest electron and hole energies but a
excited electron and hole energies.

In contrast to the success, the present tight-binding mo
does not agree well with experiments for~i! the bright exci-
ton energies of InAs nanocrystals with radius smaller than
Å, and ~ii ! the fifth hole addition energies of InAs nanocry
tals with all radii~10–40 Å! considered in this work. Calcu
lated bright exciton energies for small InAs nanocryst
scale asR20.8 with respect to nanocrystal radiusR, while
experimental data scale asR2n with n'10. Hence the cal-
culated exciton energies rapidly increase with increasin

TABLE V. Addition energy spacings. The addition energy spa
ings are mainly determined by the Coulomb energy of one pai
charge carriers and a single-particle level spacing, since the v
tion of the self-polarization energies of different charge carriers
that of the Coulomb energies of a different pair of charge carr
are smaller than 10 meV.Jee (Jhh) is the Coulomb energy of one
pair of electrons~holes!. E3

e2E2
e (E5

h2E4
h) is the spacing between

the first two lowest electron~hole! levels.

Electron Hole

D1,2
e 'Jee D1,2

h 5D2,3
h 5D3,4

h 'Jhh1W1
h

D2,3
e 'E3

e2E2
e1Jee D4,5

h 'E5
h2E4

h1Jhh1W1
h

y

g
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-
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FIG. 7. ~a! Electron addition energy spacingsD1,2
e andD2,3

e versus nanocrystal radiusR. ~b! Hole addition energy spacingsD1,2
h andD4,5

h

versusR. The spacings are calculated with Eqs.~17! and~18! for R ranging from 15 to 35 Å. Corresponding STM experimental values ta
from Ref. 27 are plotted for comparison. The spacingD1,2

e at R532 Å is is a fitted quantity to choose the effective dielectric constant of
nanocrystal environmenteout54.5.
ex

ta

s
th
lim
v

ou

ac
as
od
a

u
su
n

ry
s
tio
-
th
ho
o
d
in
it

-
ry
ion
h
bu
ta
Th
e
th

ving
ters

ht-

als
n-
The
ther
x-
lve
ec-

ents
ies
elf-
es-
are
cts

the
ed
can
s of
dots.
on-
in-
x-
he
ll
t lo-
ocal
the
the

.L.
r-
SF
nanocrystal radius, yielding bigger discrepancies with
perimental energies. The present model underestimates
fifth hole addition energies by about 100 meV. Experimen
uncertainties of size determinations38 and bias-voltage drop
distributions39,40 make it difficult to identify the main cause
of the disagreements. Despite the difficulty, we focus on
possible causes of the disagreements resulting from the
its of the present model, and point out the ways to impro
the model for future work. The discrepancies between
calculations and the experimental data can be explained
three possible reasons.

First, the effects of surface reconstruction and surf
chemistry become important as a nanocrystal size decre
The effects are excluded in the present model as we m
the nanocrystal as a perfect zinc-blende structure with
dangling bonds at the surface terminated. Tight-binding st
ies for CdSe nanocrystals show that the inclusion of the
face reconstruction decreases the lowest bright-exciton e
gies by 100 meV for a nanocrystal with radius 12 Å.41 The
decrease of the energies steadily decreases as the nanoc
size increases.41 Moreover, recent first-principle calculation
for Si nanoclusters show that imperfect surface passiva
can reduce the gap by as much as 1.6 eV.15 The close agree
ment between the present model and STM experiment for
zero-current gap suggests that the lowest electron and
states are insensitive to the surface reconstruction. In c
trast, the several lowest bright exciton energies start to
verge for 20-Å-radius nanocrystals. The exciton energies
volve excited hole energies. This suggests that the exc
hole states are sensitive to the surface relaxation.

Second, the transferability of bulk tight-binding param
eters to describe the single-particle Hamiltonian of nanoc
tals is limited within the present model due to the deviat
of a charge density in a nanocrystal from that in bulk. T
present model uses bulk parameters, which are fitted to
band structures, without correcting them for nanocrys
with respect to the change of the local charge density.
density deviation from the bulk to the nanocrystal becom
larger as the ratio of surface to volume increases. Making
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parameters a functional of the charge density and achie
the self-consistency of the charge density and the parame
are a step forward to improve the transferability of the tig
binding model.42

Third, the single-particle levels of charged nanocryst
with an electric field applied are different from those of u
charged nanocrystals in the absence of an electric field.
differences are neglected within the present model and o
models.19,22 The charging and electric-field effects are e
pected to be larger on higher addition energies which invo
more charge carriers and stronger electric fields. This exp
tation is consistent with the agreement between experim
and our calculations for several low-lying addition energ
but the disagreement for the fifth hole addition energy. S
consistent calculations of single-particle levels in the pr
ence of excess charges and an applied electric field
needed to resolve the charging and the electric field effe
on the single-particle levels.

The success of the tight-binding model in describing
many-body levels of relatively large chemically synthesiz
quantum dots suggests that the tight-binding model
quantitatively describe the optical and transport propertie
larger quantum dots such as self-assembled and vertical
The present model for electron-hole interactions, electr
hole dipole moments, and charging energies, which are
corporated into the tight-binding model, can be easily e
tended to study the properties of the large dots. T
suitability of the tight-binding model for describing sma
nanocrystals remains unresolved. Our results suggest tha
cal effects, such as surface relaxation and the change of l
charge densities, must be included more carefully as
nanocrystal size crosses from the mesoscopic scale to
molecular scale.
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APPENDIX

Within thesp3d5s* nearest-neighbor tight-binding mod
including spin-orbit coupling, the effective single-partic
Hamiltonian of InAs nanocrystals is

Hsingle5 (
i ,g,s,s8

uigss8u igs&^ igs8u

1 (
^ i , j &,g,g8,s

t i j gg8~Ri2Rj !u igs&^ j g8su. ~A1!

The indices of the tight-binding basis orbitalu igs& are
atomic-sitei, orbital-typeg5s,p3,d5,s* , and spins. The
s* orbital is an excited orbital withs symmetry. The closes
link of the s* orbital to a physical orbital would be ans
orbital in the next shell. The main reason for including thes*
.

L.

,

.M

c

.

ff,

tt

ys
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orbital is to provide an additional degree of freedom in e
pirical fitting of tight-binding parameters. The Hamiltonia
matrix elements,uigss8 and t i j gg8(Ri2Rj ),

43 are param-
etrized for the InAs bulk band structure.29 Ri is the position
vector of atom-sitei. Only t i j gg8(Ri2Rj ) between neares
neighborŝ i , j & is included in the Hamiltonian. To mimic the
effect of surface passivation by ligands, we adjustuigss8 of
surface atoms by shifting the energies ofsp3 hybridized or-
bitals connected to ligands by 100 eV. This eliminates s
face states lying in the middle of the single-particle gap.

For a nanocrystal composed ofNa atoms, the dimension
of the Hamiltonian matrix is 2NbNa32NbNa , whereNb is
the number of basis orbitals and is 10 for thesp3d5s*
model.Na ranges from 417 to 6395 as the nanocrystal rad
increases from 14 to 35 Å. Selectivecomplexeigenstates
around the bulk band gap are obtained by the implictly
started arnoldi method usingARPACK.44 For large nanocrys-
tals, ARPACK and sparse-matrix-vector multiplications a
parallelized using OpenMP.45 The required total computation
time and memory to obtain 40 eigenstates for a nanocry
with radius 35 Å, the biggest computation in this work, a
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